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Exercise 7

(difficult) Solve uy — c>Au = f(x), where f(x) = A for |x| < p, f(x) =0 for x| > p, Aisa
constant, and the initial data are identically zero. Sketch the regions in space-time that illustrate
your answer. (Hint: Use (13) and find the volume of intersection of two balls, or use (11) and
Exercise 9.2.6(b).)

Solution

We will start by solving the three-dimensional wave equation with a general inhomogeneous term
and zero initial conditions.

uy — Au = f(z,y,2,t), —00<z,y,2<00, —00<t< 00
u(xﬂ y? Z7 O) :0
u(z,y,2,0) =0

According to Duhamel’s principle, the solution to the inhomogeneous wave equation is

t
u(z,y, z,t) = / U(z,y,z,t—s;s)ds,
0

where U = U(z,y, z,; s) is the solution to the associated homogeneous equation with a particular
choice for the initial conditions.

Up— AU =0, —oo<x,y,z<00, —00<t< 00
U(x,y,2,0;5) =0
Ut(x,y,Z,O;S) = f(a:,y,z,s)

We can check that this formula for u satisfies the initial value problem. Differentiate u twice with
respect to ¢t by using the Leibnitz rule.

t
ut:/ %U(w,y,z,t—s;s)ds—i—U(:U,y,z,O;t)-1—U(x,y,z,t;0)-()
0
t

:/ Ut(x>y7z7t_S;S)dS+U(x7y>Z70;t)
0 ~—
=0

t
:/ Ui(x,y,z,t — s;8)ds
0
Lo
utt:/o aUt(xvyvzat_S;S)d8+Ut($)y7Z70;t)'1_Ut(aj7yvzat;0)'0
t

:/ Utt($)y7zvt_5;8)d8+Ut(x7yaZ70;t)
0 %/_/
:f(x,y,z,t)

t
= / CQAU(J), Y, 2,t = 8; S) ds + f(xa Y, Z>t)
0

t
=C2A/ Ulx,y,z,t—s;5)ds + f(x,y,2,t)
0
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As discussed in Section 9.2, the solution for U is given by the formula of Kirchhoff and Poisson.

1
U(xayazat;s) = Ac2t // f(330>y072073) dSp

(mo—2)%+(yo—y)?
+(z0—2)%=c?t?

Now u can be determined.

t
u(z,y, z,t) :/ (x,y,2,t —s;8)ds
0

t
/[471’62t s) // f(x0,y0, 20,5) dSo| ds
0 _

(zo—z)?+ (O*y)2
+(20—2)2=c?(t—s)?

_ 1 ¢ f($07y07z073>
 4me? /0 // t—s dSo ds

(wo—z)%+(yo—y)?
+(20—2)%=c?(t—s)>?

Write the surface integral over the sphere centered at (x,y, z) with radius ¢(t — s) explicitly by
using spherical coordinates (ro, 0y, ¢o), where ¢ represents the angle from the polar axis.

xo —x = c(t — ) sin b cos ¢y
Yo — y = c(t — s) sin Oy sin ¢g

20—z = c(t — s) cos by

The solution becomes

t 2w
f t - S 007¢07 ) 2 2 .
u(z,y, z,t) 47”:2 ; /0 ; P [¢*(t — s)” sin ¢ dby depo| ds
t 2w
= / / f(c(t = 5),00, do, s) [*(t — s)sin ¢o dby d] ds
471'02 0 0 0
Make the following substitution.
ro=clt—s) — s= o
c
dro = —cds
As a result,
1 0 21 0
U(l’, Y, z, t) = A2 /cvt /0 f (T(Ja 00a ¢0a ?) (TO sin ¢0 d90 d¢0) ( d’l"o)

1 ct 2m
- Amc? /0v /0 f (T 607¢0,t_ 7) To Slnqbo dg(] quO d’r'o
1 2 ro .
- Arc2 /0v /0 /0 f <T 60’ ®o,t ) 0 sin ¢g drg dfy dgbo
1 2m ct , I} ’ gt — 0
= / / / S (ro, b ¢° 2) 12 i g dro By d.
dre 0 0 0
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Note that

(o — )2+ (o —y)>+ (20— 2)2 =18 — 710=1 (20— 2)2+ (Yo — y)% + (20 — 2)2.

Changing back to Cartesian coordinates, the general solution for u is

f <$0 Yo, 20 t— \/(ro:v)2+(y0y)2+(z()z)2>
dVp

= )

S N e R TR O ’
To—Zx Yo—y

+(z0—2)%<Lc?t?

,u’(x7 y7 z’ t) =

which is essentially equation (13) in the text. In this exercise

A for x| < p
0 for|x|>p’

f(x7y7z7t) :{

so the boxed formula simplifies to

1 A
onant) = 3o N e ICE D

QNT

where

Q = {(x0, 10, 20) | (zo — 2)? + (o — y)* + (20 — 2)* < 2%}
T = {(z0, 0, 20) | 7§ + y§ + 25 < p°}.

Basically, this volume integral is over the part of the solid ball centered at (x,y, z) with radius c|t|
that lies within the solid ball centered at the origin with radius p. Depending what region in
space-time the point (z,y, z,t) is chosen, the volume integral will yield a different result. The
characteristic surfaces, which are obtained by drawing light rays (with slope ¢) from every point
on the boundary of the red hyperdisk within which the inhomogeneous term is nonzero, separate
these regions.
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Let each of the regions in space-time be labelled by color.

Our aim now is to calculate the volume integral for u in each of the seven regions.
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The Green Region

(xi .}’) Z! r)

(x3 .},5 ZB r)

For points in the green region, regardless of whether ¢t > 0 or ¢ < 0, the blue balls do not intersect
the red ball. As a result, Q NT is the empty set, and the solution is zero.

1 A
w@y,2,t) = 4mc? // V(o — )2 + (yo — y)? + (20 — 2)?

QNT

dVo

=0

This formula is valid for r > p + c|t|, where r = \/22 4+ y? + 22. The condition of validity in the
rt-plane is roughly sketched below.
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The Orange Region

The purple hyperdisk above is the intersection we have to integrate over. In xgygzg-space, this
represents a solid ball centered at (z,y, z) with radius ct. The solution for u becomes

A
u(z,y, z,t) = dV¢
e 4%62// Vo aP o9t o P

= /// N e e

(zo—z)?+(yo—y)?
+(20—2)2<c?t?

Use spherical coordinates (g, 0y, ¢p) to evaluate the integral.

To— T =T sin90 COS d)o
Yo — Yy = 1 sin Gy sin ¢g

20 — & = 7“0(30890

Consequently,

A g 2m ct T(Q) sin qbo dTD d@o dgf)o
u(xvyazat) = m 0 0 0 o

in the orange region. This formula is valid for r + ¢t < p, where r = /22 + y2 + 22.
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The Blue Region

The purple hyperdisk above is the intersection we have to integrate over. In zgygzo-space, this
represents a solid ball centered at (z,y, z) with radius —ct. The solution for u becomes

1 A
u(@, g, 21) = 13 // V(@0 — )% + (yo — y)? + (20 — 2)? e

QNT

- fa /// N <;ovi 92+ (0~ 22

(zo—2)*+(yo—y)?
+(z0—2)2<c?t?

Use spherical coordinates (rg, 6y, ¢o) to evaluate the integral.

xo — = = 1o sin fy cos Pg
Yo — Y = 70 Sin g sin ¢g

29 — 2 = rgcos by

Consequently,

A T o2m et 7’% sin ¢ dro dfy dog
u(x7 y? Z? t) = 0 0 O

4mc? o

_ % </O_Ctr0dr0> </027r d90> (/Owsinqﬁodqﬁo)

_ 4;402 (62;2> (27)(2)

1
= ZAt?
2

in the blue region. This formula is valid for r — ct < p, where r = /22 + y2 + 22.
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The Yellow Region

The purple hyperdisk above is the intersection we have to integrate over. In zgygzo-space, this
represents a solid ball centered at the origin with radius p. The solution for u becomes

1 A
u(z,y, z,t) = dV
@20 = e Q/[T Vwo— 22+ (o - 92+ (20— 22

_4 vy
- dme? // Vi(wo— )2+ (yo — y)? + (20 — 2?2

zg+yg +25<p?
Below is a visualization of the ball in xgygzo-space.

Z0 2

(x5 J}, Z)

\/ (x0 — 0%+ (vo - y)2 +(z0 — 2)?
X0, Y0, 20)

P
7S

Yo
*0

\f xoz + y()2 + 202

Notice that the denominator of the integrand is the distance from (xg, yo, 20) to the point (x,y, 2).
Apply the law of cosines to the triangle above.

(o — )% + (Yo —y)? + (20 — 2)* = (@F + y5 + 25) + (2® + ¥* + 2%) — 2/a2 + y2 + 22\ /22 + Y3 + 22 cos

Take the square root of both sides.

\/(xox)2+(yoy)2+(zoz)2:\/xg+y8+z§2\/x2+y2+22 22+ yd + 22 cosa+ 2?2+ y? + 22
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Substitute this result into the integrand, using r = \/22 + y2 + 22 to make it more compact.

u(x,y, 2,
4 Amc? 2 2 2 2 .0 .2 2
xh+ Y5+ 25 — 2ry/xf +yy + zgcosa+r

xg+yp+25<p?

Write the integral explicitly using spherical coordinates (g, 6o, ¢o), where ¢¢ is the angle from the
polar axis.

Ty = 1o sin 6y cos ¢g
Yo =To0 sin 90 sin qbo

Zp = T COS 90

Since a:% + yg + zg = r%, we get

( t) A /7r /27r p 7‘% sin ¢0 d?’o d90 d¢0
UL, Y, Z, ) .
dme? Jo Jo  Jo /12 —2rrocosa + 12

Orient the polar axis in the direction of (z,y, z) to make o = ¢y. Doing so allows us to evaluate
the integral in d¢y with a substitution.

( t) A /ﬂ- /277 p T(Q) sin gbo d’r’o d60 d(ﬁo
ulzr,y, z, = T 5
Y arnc? Jo Jo Jo \/rg — 277 cos ¢g + 12

A (/%d90>/ﬂ/” r2 sin o dro ddo
dme? \ Jo o Jo /12 —2rrgcos gy + 2

A ([ i,
2¢2 /o 0 0 \/T(Q)—erocos¢o+r2 °

Let
w = r% — 217 cos ¢g + r?
. dw .
dw = 2rrgsin ¢gdepg — o = 0 sin ¢g doy.
r

As a result,

[\

A p r8+2rro+r2 1 dw
t) = — — (=4
U(:II, y? Z? ) 02 A TO /7»32rr0+7-2 \/’l; < 2T > 7,0

A [ ]
n 2027“/0 "o /(7‘07")2 2\/w "o

A [P
= 53 [ 70 [V 1P =l —rP?] dro
0
A [P
by ro (ro + 1 — |ro — r|) dro.
0

Depending whether the point (x,y, 2) is inside or outside the ball 3 + y2 + 22 < p?, the result for
u will be different because of the absolute value sign. The yellow region is thus divided into two
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subregions, the set of points inside the cylinder rg = p and the set of points outside of it. If

(z,y,2) is inside, that is, r = /22 + y2 + 22 < p, then

A r P
u(@,y,2,t) = 55 {/o To[ToJr?”—(?”—?"o)]dToJr/ 7“0[7“0+T—(7“0—7”)]d7"0}
_ AL o o] AL
©2e%r [37“(3p " )} 62 (807 =17).

This result is valid if ¢t > r 4+ p and r < p. A rough sketch of this validity condition in the
rt-plane is shown below.

On the other hand, if (z,y, z) is outside the ball, that is, r = /22 + y2 + 22 > p, then

A p
5c2y / rolro+r — (r—ro)]dro
0

A 2p° B Ap3

2e2r \ 3 ) 3¢
This result is valid if ¢t > r + p and r > p. A rough sketch of this validity condition in the
rt-plane is shown below.

u(@,y, z,t) =

www.stemjock.com



Strauss PDEs 2e: Section 9.3 - Exercise 7 Page 11 of 69

The Purple Region

The purple area above is the intersection we have to integrate over. In xgygzp-space, this
represents a solid ball centered at the origin with radius p. The solution for u becomes

A
u(z,y, z,t) = dVi
v 47?02// Voo o 0P+ o P

_ // dVp
47T02 V(o — )2+ (yo — y)% + (20 — 2)2’

22 +yd+23<p?

which is the same as the one for the yellow region.

A

62(3/) —r3) if —ct>r4pandr <p
(xy,z,t) Ap3

5.2 if —ct>r+pandr>p

cr

As before, the purple region is divided into two subregions. The conditions of validity in the
rt-plane are roughly sketched below.

—ct>r+pandr<p —ct>r+pandr>p
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The Cyan Region - Position 1 of 4: »r > pand r —ct > 0

Several different intersections can occur in the cyan region. In this first part we will consider a
point in space-time (x,y, z,t) outside the cylinder = p and under the cone r — ¢t = 0.

(x, y.z. 1)

The purple area above is the intersection we have to integrate over. In xgygzg-space, this
represents a biconvex lens.

V0 =02 + (0 = 202 + (20 = 2)?

\]sz +y0% +20°

X0 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/x?+y?+ 22 and ro = \/23 + y5 + 25.
(o —2)* + (yo —y)* + (20 — 2)% = (@3 + 93 + 28) + (22 + y* + 22) — 2/22 + 42 + 22\ /23 + 42 + 22 cos
0T Y T %

= r% — 2rrgcos o + r?
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Now determine the bounding curves of the balls and the maximum polar angle 3.

Z0
A (xo =07 + (g =1 +(z9 2% = * 12
x()2 + y()2 +Z()2 2
Y0 Yo
Use the law of cosines to find S.
2 2 2.2
—c°t
A2 =r 4 p* —2mcosfp  — cosf= rhp et
2pr
The bounding curves are as follows.
x5+ + 2 = p° (w0 —2)” + (yo —9)* + (20 — 2)° = ¢
1“3 = p2 T(Q] — 2rrgcos a + r? = 22
ro=p ré — (2rcosa)rg + (r* — ) =0
2r cos a £ 1/4r2 cos? a — 4(r2 — c2t2)
ro =
2

ro =rcosa+ \/r2cos? o — (r2 — c2t2)

ro =rcosa — \/r2cos? o — (12 — c2t2)

The minus sign was chosen because we want the part of the bounding curve closest to O. As a
result of changing to spherical coordinates (rg, 6y, ¢o) with the polar axis oriented in the direction
of (z,y, z), the solution for u becomes

u(®,y, 2,t) = 47c? // V(o — )% + (yo — y)? + (20 — 2)?

QNT

A /5 /2“ /P rg sin ¢ dro dfy depo
4rc? 0 0 7‘coscvf\/r2 cos? a—(r2—c?t2) \/’I“g — 27r79 COs « +T2'

Orienting the polar axis as we have makes it so that o = ¢y.

( . A /5 /27r /ﬂ rg sin ¢ dro dfy deo
u\r,y, z, )
dmc? 0 Jo r cos d)o—\/r2 cos? ¢po—(r2—c2t?) \/?"8 — 2179 COoS g + 7r2
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Proceed to evaluate the integral in df.

A (/QF d90> //B /p T(2) sin (250 dT‘O d¢0
4mc? 0 0 Jrcos ¢0—\/r2 cos? po—(r2—c2t2) \/T’[Q) — 2179 COoS ¢g + r2

A /5 /P ré sin ¢o dro deo
2c2 0 Jrcos ¢0—\/7‘2 cos? po—(r2—c2t2) \/7“[2) — 2179 COoS ¢g + r2

Make the following change of variables.

u(z,y,z,t) =

Y0 = 1 cos o

d
dyo = —rsingoddy  — —% — sin o debo

Consequently,

( 0 A /Tcosﬁ/p 7“(2) drg ( d%)
u xaywza = 5 9 _—
2¢2 J, oA —(P2— ) \/1§ — 2070 + 12 r
r% dro do

=3 A
B 2¢2r rcos 3 'yof\/m \/7”(2)—27“()’}/04-7“2

_ A /r /p r% dro dyo (1)
2¢2r p2+r§p—c2t2 Yo—\/ R —(r2—c212) VT2 = 2ro0 + 12

Suppose first that 2 > c?t? + p?. Then the current mode of integration in the yoro-plane is shown

on the left.

0 0

A A\

/ /

2 2 2 2
(2, 2.2 .2 T Art—ct t”
Fo=%Yo—V\ Yo +c 1" =¥ Y= ————————

21"0

0.0 - 0.0

2

P Hrt-atr r P+t
2p 2p

Integrate over the domain as shown on the right in order to switch the order of integration.

( 0 A /p /r 7‘8 dryo drg
ulr,y, z, = 5.9
2¢%r ) o 7Tt2)+r22r;czt2 \/Tg — 2ro7y0 + 12

Make the following substitution.

2 2 2
S0 /‘0 To 0] 7
dSO

dSO = —27‘0 d’}/o — —7 =T d’}/o
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Therefore,

p r0—2rr0+7' —dS(]
t d
’LL(SL‘, Y, z, ) 262 (/02152 2 ,—80 To

P / dso dr
2c2 (ro_)2 2v/50 |

p
2027“ o 'ro \/02t2 V(ro — r)ﬂ dro
A [P
- /Ht o (ct — [ro — r]) drg
A [P
= 5., o rolct — (r —ro)] dro

A 1
= 5 {6 (1% — 3 4+ 2p° — 3t (r® — p?) + 3r(c*t? — pZ)]}

A
= 1202, [T?’ — 33 4203 — 3et(r? — p?) + 3r(Pt? — p2)] :

This solution is valid for [p —ct| <7 < p+ctand r > p and r — ct > 0 and 72 > > + p?. A
rough sketch of the validity condition in the rt-plane is shown below.
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Return to equation (1).

uey oty = A [ ' 76 dro o )
UL, Y, 2, ) 202 2402242 5 2 _ 2
e % Yo—/ 75— (r2—c?t?) \/TO 2rovo + 7

Suppose secondly that r? < ¢?t? + p?. Then the current mode of integration in the ygro-plane is
shown on the left.

ro 0

p Arxur >

2 5 25 r02+r2—c2 t2
70 =v0 — .| Yo© — (" —c“ ¢t > o=
0 =70 0” | ) 2_22 2rg
\\\ \L P /
—L [ ~
r—ct T

rcos f§ r rcos B r

Integrate over the domain as shown on the right in order to switch the order of integration.

(@, y, 2, 1) / / T% dryg drg / / T(Q] dyo dro
) 2
202 +T 222 \/T‘O — 27"0’)/0 + ’I"2 r2—c? rcosf3 \/7"0 - 27‘0’}/0 + T2

Make the following substitution.

ct2

sp = r% — 27970 + r?

d
dS() = —27"() d’)/o — —% =70 d’)/o

As a result,
B 2 2,2
A r—ct _pe ¢ rg—ZTTO—I—TZ —dSO o r%—2'rr0+r2 —dSO
u(z,y, z,t) = / 7o / drg +/ 70 / dro
2
2cer r—ct c2t? 2\/ 7_:%2 r2—2ror cos B+r2 2/s0
A : 7"2—c2t2 p
P
=52 / rg(ct—|r0—r|)d7“o+/2 L, 70 <\/r3—2r0rcosﬂ+r2—|ro—r|> dry
cer r—ct %
r 2 2.2
A et p p
= roct dro — ro|ro — 7| dro + ro\/r% — 2rgrcos B + 12 drg
2¢%r r2 242
r—ct r—ct —Y
i 7‘27c2t2

p P
P
= — / rgctdro—/ ro(r—ro)dro+/2 227’0\/r%—2r0rc085+7’2dr0
2c%r r—ct r—ct ittt
P

A [3et(r? — 22 24 (r—ct)3p? — 3rp* +2p° P
= 92 ( i 6,2 ) + /ﬂ_c%52 7“0\/7“8 —2rgrecos B+ r2drg| .
L —
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Proof for the result of this final integral will be given at the end.

( D A 30t(r2 — 02t2)2 +(r— ct)3p2 - 3Tp4 + 2p5
u(z,y, 2,t) =
7y7 ) 202/’“ 6p2
N (T2 4 p2 o 62t2)[4p27“2 o (T2 4 ,02 o 02t2)2] tanhfl 02t2 4 p2 o 7,2
8p3 2ctp
L ellpt = (7 = ey
4p?
_ A (P24 0% — ) Ap3? — (12 4 p? — AH2)7] N 22 4 p? — g2
202y 8p3 2ctp
3ct(r? — 2t2)? + 2p%(r — ct)? — 3p*(2r — ct) + 4p°
+ 2
12p
Therefore,
2,2, 2 .2
_ 2, 2 2.9\i4 2 2 2, 2 2,2\2 Lt pt =
u(z,y,z,t) = W{i’)(r + p= — %) [4p°rT — (r° + p° — ¢*t%)*| tanh Sl

+2p [3ct(r® — Pt%)? + 2p%(r — ct)® — 3p1(2r — ct) + 4p° }

This solution is valid for [p —ct| <r < p+ctandr > pand r —ct > 0 and r? < 22 + p?. A
rough sketch of the validity condition in the rt-plane is shown below.
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The Cyan Region - Position 2 of 4: » > pand r —ct <0

Several different intersections can occur in the cyan region. In this second part we will consider a
point in space-time (x,y, z,t) outside the cylinder » = p and above the cone r — ¢t = 0.

The purple area above is the intersection we have to integrate over. In xgygzp-space, this

P ——

represents a biconvex lens.

X0 \/x02 + }’02 +Z()2 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/x?+y?+ 22 and ro = \/25 + y5 + 25.
(o— )% + (Yo —y)? + (20 — 2)* = (@ + y5 + 28) + (2% + ¥* + 2%) — 2/a2 + y2 + 22\ /2 + 3 + 22 cos
0T Y T %

= r% — 2rrgcos o + r?
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Now determine the bounding curves and the angle 8 at which one curve changes to the other.

20 (xg — x)2 + (v - y)2 +(zg - 2)2 =2 P
x0° +30° +20° = p° /
('xa }’: Z)
X0 Yo
Use the law of cosines again.
2 2 242
—ct
A2 = p2 402 —2orcos B — Cosﬁzp +re—c
2pr
The bounding curves are
T+ y5 + 20 =9 (2o —2)* + (yo — 9)* + (20 — 2)* = *¢*
rg = p? 7“8 — 2rrgcosa 4 r? =
rg=p ré — (2rcosa)rg — (*t* —r?) =0
2r cos a £ \/4r2 cos? a + 4(c2t2 — r2)

ro = D)

ro = rcosa £ \/r2cos? o + (22 — r2)

ro = rcosa + /r2cos? a + (22 — r2).

The positive sign is chosen because ry, the distance to (xg, yo, 20), must be positive. As a result of
changing to spherical coordinates (rg, 8y, ¢g) with the polar axis oriented in the direction of
(z,y, 2), the solution for u becomes

u(z,y, z,t) = A // Vo
S Ane ) o =02+ (o= 9P + (0 - 2)?
A /ﬂ /2” P rgsin ¢ dro dfo deo
dme? | Jo Jo Jo /r2 —2rrocosa+ 12

+ /7T /27r /T oot 72 sin ¢g dro dfo doo
B 0 0

\/7“8 — 2rrgcosa + 12
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Orienting the polar axis in the direction of (z,y, z) makes it so that a = ¢y.

/ﬁ /27T /p T% sin ¢0 drg dby d(b()
o Jo Jo /12 —2rrgcos g+ 12
+ /ﬂ /27T /r cos go+/r? cos? go-+(c>? —r?) ré sin ¢g dro dfy dgy
s Jo Jo /12 — 2rrq cos gy + 2

A
u(x,y,2,t) = T2

Evaluate the integral in df.

u(z:,y,z,t) = A [(/27rd90) /B/p T(%Sin¢0dr0d¢0
we |\l )b by VE—2micoson+
2 ™ prcos goty/12 cos? go+(c2t2—12) ré sin ¢o dro dgy
+</O d90>/ﬂ /0 \/Tg—erocosqﬁo—|—7~2
Bore rsinggdrgde
/0 /0 \/7”(2) — 2r7( cos ¢g + 12

+ /7r /T ot oA 73 sin ¢g drg deo
3 Jo \/'rg — 2r7ro Cos Py + 12

B A
C2¢2

Make the following substitution in both integrals.
Y0 = rcos gy
d
dyo = —rsingodog — 90 gin o doo
r

Consequently,

A
U(Z‘,y, Zat) = 2702

[ i ()
r 0 \/?”(2) — 2rov0 + 72 r
+ -r ’YO+ ’Yg+(62t2 _TQ) r% d/,"O _@
. \/ 2 _9 2 r
rcosf3J0 L) 070 +7r
/T /p rg dro dyo
rcosfJ0 \/7“8—2T0’Yo+7"2

0 \/'rg — 2ro7y + 12

A
2¢2r

+

-

The order of integration in both integrals will now be switched.
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Suppose that 72 < ¢*t?

on the left.

+ p?. Then the current mode of integration in the second integral is shown

o ro
o =y0+4 vo® +(F 7 =) Yo = ro? 47 —c* 2

2ro

>

-r+ct

Y0
—-r rcos B -r rcos B

Integrate over the domain as shown on the right to switch the order of the second integral.

/ / r§ dyo drro / e / reosf g2 dryg drg
reosg \/T5 — 27070 + 12 Vg = 2rgy0 + 12

/ /r cos B 2 d'YO d?“o
—r4ct 2+T —c? \/7“0 — 2r970 + r2

u(z,y, z,t) =

262

Make the following substitution in all three integrals.

2 2
So =715 — 2r0% + 7T

d
dSo = —27’0 d’}/o — —% =T d’}/o

Consequently,

A p T8 —2rro+r? —dsp
t) = d
u(:c,y,z, ) 2c2r [/0 "o (/TSerocosﬁJer 2\/% 0
—rtct 7"3721"1"0 cos B+r2 —dSo
+/ T / dro
0 r3+27'7“0+7‘2 2\/%
o r(2)727"r0 cos B+r2 —dSO
+/ 70 / dro
—r+ct 22 2\/%
A / ’ Vi -2 Btr2—lro—rl)d
— r r§ — 217 COs re—|ro—rl)ar
2¢2r | Jo 0 0 ’ ’ ’
—r4-ct
+/ To <To+7’—\/T%—QTT00085+T2)d7"0
0
p
+/ 70 (ct - \/r% —2rrocos B+ 7“2> dm} :

—r+ct
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Therefore,

A P P —r—+ct
eyt = 50, [/0 TO\/T% — 2rrgcos f 412 dro — /0 rolro — 7| dro +/0 ro(ro + ) dro

—r+ct P
— / ro\/rg — 2rrgcos B+ r2drg + / roct drg
0 —r4ct

P
— / ro \/7’(2] — 2rrgcos B + r? dro}
—r+ct

A p —r+ct P
=53 [—/ ro|lro — r|dro + / ro(ro+r)dro + / roct dro]
0 0

C2T' —r+ct
A P —r+ct P
= = [—/ ro(r — 1) dro + / ro(ro + 7)dro + / roct dro]
2c°r 0 0 —r+ct
A 1.3 33 3 2 2 2,2 2
= 53 é[r — Pt +2p° = 3ct(r? — p?) 4 3r(Pt? — p?)]
A
= o2y (7% — 343 4+ 2p° — 3t (r? — p?) + 3r(*? — p?)].

This solution is valid for [p —ct| <7 < p+ct and 7 > p and r — ct < 0 and 72 < ¢*t? + p?. There’s
no need to consider the alternative case of 2 > ct? + p? because there are no points in
space-time that satisfy [p — ct| <7 < p+ct and r > p and r — ¢t < 0 and 72 > c?t? 4 p?. Having
said that, the preceding condition of validity can be relaxed to |p — ct| < r < p+ ct and r > p and
r —ct < 0. A rough sketch of it in the rt-plane is shown below.
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The Cyan Region - Position 3 of 4: r <pand r —ct > 0

Several different intersections can occur in the cyan region. In this third part we will consider a
point in space-time (x,y, z,t) inside the cylinder r = p and below the cone r — ¢t = 0.

The purple area above is the intersection we have to integrate over. In xgygzg-space, this
represents a biconvex lens.

*0 \/xoz + 0% +29° Y0

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/x?+y?+ 2% and ro = /23 + y5 + 23.
(20— 2+ (o — 1) + (20— 22 = (B 4B+ ) + (2% 497 + %) — 2/ T 2+ 273 + 48 + S cosa
0T Y% T %

= 12 — 2rrgcos o 4 12
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Now determine the bounding curves and the angles, # (the angle at which one curve changes to
another) and v (the maximum polar angle).

20

‘ 22

2 2 2
x02+y02+202:p (xg —x)"+(vo—»)" +(zg—2)" =c"t

X0

Use the law of cosines in the upper triangle to find 5.

2+ p? — 22
2pr

2t2

A2 =r 4 p?—2mrcosp  — cosf =

According to the Pythagorean theorem, the length of the missing side of the lower triangle is
rcosy = vVr2 — c2t2. The bounding curves are

TG+ Y5+ 2 =P (w0 — )2 + (yo — y)* + (20 — 2)% = 2
7’(2) = p2 7“3 — 2rrgcos a + 1% = 2t?
ro = p ré — (2rcosa)rg + (r? — %) =
ro — 2r cos a £ \/4r2 cos? a — 4(r2 — c2t2)
2

ro = rcosa 4 \/r2cos? a — (r2 — c2t2).

As a result of changing to spherical coordinates (r, 6y, ¢9) with the polar axis oriented in the
direction of (z,y, z), the solution for u becomes

u(z,y, z,t) = A // Vo
ST N e e T e R

2 cos2 a— (12 —c22 .
/*'y /27r /r cosoz-l-\/r cos? a—(r2—c?t?) 7’(2) sin ¢g drg dfy deo
0 JO T

cos a—1/12 cos? a—(r2—c212) \/7“8 — 277 cos a + 12

- /ﬁ /«27r /r cos oz—i—\/r? cos? a—(r2—c?t2) 7-8 sin ¢O drg dby d(f)o
0 Jo 14

\/r% — 2r1g cos o + 12

A
Amc?

What we'’re essentially doing is integrating over the whole ball of radius ¢t and then subtracting
the volume integral over the part that lies outside the ball of radius p.
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Orienting the polar axis as we have makes it so that a = ¢yg.

/ K / ) / reos go-+y/r? cos? go—(r? —*1?) 7§ sin ¢ dro dfy de
T

u(x,y, z,t) =
Y cos ¢o—\/r2 cos? ¢po—(r2—c2t?) \/7'8 — 2rrg cos ¢g + 72

4d7c?

B2 preosgoty/r?cos? go—(r2—ct2) 72 sin ¢g dro dfo depy
_/ / / \/7'(2)—27“7"0005¢0+r2

Proceed to evaluate the integral in df.
u(z,y, 2, t) = = (/2” d90> /V /T e e rg sin ¢o dro deo
’ dmc? 0 0 Jrcos gzﬁof\/rQ cos? ¢g—(r2—c2t?) \/7“(2) — 2179 COs ¢g + r2

- 2 cos? by — (12 o222 .
0 0o Jp \/rg — 2rrg cos ¢g + 12

/V /T et 78 sin ¢g dro deo
0 T

cos ¢0—\/r2 cos? ¢pg—(r2—c2t?) \/T(Q) — 2rrg cos d)O + 72

B A
C2¢2

_ /B /T cos Goy/r% cos? go —(r2—c??) 73 sin ¢g dro dey
0 \/7"8 — 2rro Ccos ¢y + 12

p

Make the following substitution in both integrals.

Yo = 7 €S do

d
dyo = —rsindodgy  — —% — sin o debo

Consequently,

( ) A T COS Y ’YO‘FW 7,% d?“() d,yO
T,Y,2,1) = —5 / / <_>
2 |y 0~V 1T =20+ 2\ T

Vg = 2rov0 + 12 r

_ i /7‘ /’Yo-i— 12— (r2—c2t2) r% dro do
2¢2r rcosy Jy— ’7(2]—(7‘2—(:2752) \/7"8_27"0’}/04-7"2
oo TR T 177
/ /70+\/m 12 dro do
= V=R o ) /7~ 2r000 + 12

_(r2_p2 2
_ / /WH_ ’YO (rf—e%t 7”0 d’r’o d"yo
7r2+/ﬂ§;c2f2 P \/7“8 — 2rg7yo + 12
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Now we will switch the order of integration in both integrals. The current mode of integration in
the ~gro-plane for the first one is shown on the left.

ro o

r+ct /\/ r+ct /

N T 2 ( 2 2 f2)
ro = —(r~=c
/ 0=70 Yo 1ol 412 =t i

1o =y0 =70 - (= %)

r2 - 6‘2 [2 / ,42 _ CZ t2 k
r—ct r—ct e
Y0 Y0
r -

r2 - (:2 t2 rz - (32 12

Integrate over the domain as shown on the right to switch the order. Suppose that 2 < c¢?t? + p?.
Then the current mode of integration for the second integral in the yoro-plane is shown below on
the left.

ro 0

rg =7yo+ 702 - (’42 - (:2 IZ) roz + r2 - cz 12

Yo=——__
r+ct r4ct 2rg /

p -

2

YVYY 1N\

r2+p —62t2 F‘2+p2—czt2
2p r 2p »

Yo Y0

Integrate over the domain as shown on the right to switch the order.

ul 0 / et / T(Q) dryo drg / rtct / rg dryo drg
u(z,y, 2,
202 r 2= fr2 = 2rgo + 12 2= fr2 = 2rgo + 12
A /r+ct /r 7,,0 deO / /r 7,0 d’YO
= — dro + dro
221 | Jr—et 7%”2.76%2 VT — 2rono + 12 rtet 7”%” 221 = 2r070 + 12

2
rg dvyo
/ /2+'r 2242 - 2 dT'O
~ 2 \/7"0 —2r0y0 + 7

Make the following substitution.

S0 = 7“(2) — 2r970 + r?
ds

dSO = —27‘0 d’}/o — —70 =T d’}/o
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Therefore,

A p 7‘(2]—27’07"—‘1-7‘2 —ds
u(x,y,z,t) = 59 7o / 0 d’r'o
202T r—ct c2¢2 2\/%

A [ tro (\/02t2 —/(ro — r)2) dro

T2 ),
p
= ct—lrog—r|)d
s | rotet=ro=rdro

A
_ 2;; {/_t rolet — (r — ro)] dro + /Tp rolct — (ro — 7)) dro}

A (1

T2 {6[_T3 = P = 2p% + et(p” — 1%) + 3r(p® + 0%2)]}
A

Toczy [ = 8 =20 4 3ct(p” — 1) + 3r(p” + 1))

—Ci

This solution is valid for [p —ct| <7 < p+ct and r < p and r —ct > 0 and 72 < ct? + p2. There’s
no need to consider the alternative case of r2 > c?t2 + p? because there are no points in
space-time that satisfy [p — ct| <7 < p+ct and r < p and r — ct > 0 and 72 > c*? + p?. Having
said that, the preceding condition of validity can be relaxed to |p — ct| <r < p+ ct and r < p and
r —ct > 0. A rough sketch of it in the rt-plane is shown below.
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The Cyan Region - Position 4 of 4: r < p and r —ct <0

Several different intersections can occur in the cyan region. In this fourth part we will consider a
point in space-time (x,y, z,t) inside the cylinder r = p and above the cone r — ¢t = 0.

(x) .}’3 z) r)

The purple area above is the intersection we have to integrate over. In xgygzg-space, this
represents a biconvex lens.

(.X, ) Z)

\/(xo —0)% + (0 - 17 + (20 - 2

X0 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+x?+y%+ 22 and ro = /23 + y3 + 25.
(20— 2)° + (g0 — 9)? + (30 — 2)% = (2B + 4B + ) + (22 + 97 + 22) — 2/ T g2+ 223 + 17 + g cosa

= r% — 277 cos o 4 12
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Now determine the bounding curves and the angle 8 at which one curve changes to another.

Z|

2 2 2_ 22
(xg =X)" +(¥g =)~ +(z0 —2)" =c" ¢

2, 2, 2_ 2
x0T +y0" +20" =p

xO .},O
Use the law of cosines to find .

2 2 2.2
T —c°t
AP =124+ p? —2prcosf  — cosf= L

2pr
The bounding curves are
x5+ s + 20 = o (o — )% + (o — y)* + (20 — 2)* = *¢?
g =p° ré — 2rrgcosa + r? = c*t?
ro = p ré — (2rcosa)rg — (*t* —r?) =0
_ 2rcosa =+ \/4r?cos? a + 4(c*t? — 1r?)

To = 9

ro = rcosa £ \/r2cos? o + (22 — r2)

ro = rcosa + \/r2cos? a + (22 — r2)

The positive sign was chosen because rg, the distance to (xg, yo, 20), must be positive. As a result
of changing to spherical coordinates (rg, 0y, ¢o) with the polar axis oriented in the direction of
(z,y, 2), the solution for u becomes

ul@,y,2,1) = -5 // V(o — )% + (yo — y)? + (20 — 2)?

QNT

/ﬁ /2” P rZsin ¢ dro dfy doy
0 0

0 \/7“8 — 2rrgcos o + 1?2

B A
 dre?

+ /7r /27r /r et 73 sin ¢g dro do dey
g Jo Jo

\/7"(2) — 2rrg cos o + 12
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Orienting the polar axis as we have makes it so that a = ¢yg.

A B2 1P r2singg drodfy deo
u(m,y,z,t):?c2 A

0 \/T‘% — 2rrg cos ¢g + r?

+ /7T /27r /T o et A 73 sin ¢g dro dfo depo
g Jo Jo /12 — 2rrg cos ¢g + 12

Proceed to evaluate the integral in dfy.

A o Bore rdsingodrod

w(z,y,2,t) = —5 (/ d90> / / g n ¢o dro do

dme 0 o Jo /12 —2rrgcos g + 12

2m T [rcos ¢>0+\/r2 cos? ¢po+(c2t2—r2) 2 o

N </ d90) / / g sin ¢g dro dgg
0 s Jo /18 — 2rrg cos ¢o + 12
/ﬁ /P 72 sin ¢ dro dey
o Jo /12 —2rrgcos g + 2

+ /7r /T oo 72 sin ¢g dro dey
s Jo \/rg — 2r7rg oS Py + 12

_ A
202

Make the following substitution in both integrals.

Yo = 7cos g

dvo = —rsindoddy  —  —2 = sin go deo
T

Consequently,

A
u(‘,r?yazat) = @

reosf o rp r% dro do
/r /0 NG <_T>
—r Yo+r/VE+(c2t2—r2) 1"8 dro o
+/Tcos,5/0 Ve = 2rgv0 + 12 <_T>]

/T /” r(2) dro dvyo n rcos f /VOJr Vo+(c*t2—r2) 7"(2) drg dyo
rcos3J0 \/T%_QTQ’}/O+T2 —r 0 \/7”(2)_27"0'}/04‘7‘2

B A
22
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Suppose that 72 < ¢?t? 4+ p2. Then the current mode of integration for the second integral is
shown below on the left.

2 2 2 .2
2 2.2 2 rog-+r-—ct
ro =70+ Y0 +(C =7 ) Yo = 0

2rg

T —r+ct

Y0
-7 rcos -r rcos f

Integrate over the domain as shown on the right to switch the order of integration.

u ) / / rg dyo dro /‘”Ct / 058 2 dyg dr
u(x,y, 2,
262 rcos B \/TO — 27“0’)/0 + 72 \/7“8 _ 27"0'70 + r2

/ / cosp r3 dryo dro
—rtet TO“ =S — 2rgyp + 12

Make the following substitution in all three integrals.

2 2
So =1y — 2ro7Y0 + T

d
dSo = —27rg d’)/o — —? =70 d’)/o

Consequently,

A p r%—2r0r+r2 —dSo
u(z,y,z,t) = r dr
( Y ) 2¢2r [/0 ‘ (/7“3—2r0rcosﬁ+7‘2 2\/ 50 0
N /—r+ct . /7‘3—2’[‘07’ cos B+1r? —dSo 0
0 0
0 r2+2rorr2 2\/ 50
p r8—2rorcosﬂ+r2 —dS()
+/ 70 / drg
—r+ct c2t? 2\/ S0
4 / "o (/72— 2rarcos 4+ 17 — o — 1] ) d
= r raq — 4T COS re—|\ro—7rT T
2 |, " 0 0 0 0
—r+ct
+/ 0 <T0+r—\/r%—2r0r0085+1"2>dr0
0
p
+/ o <ct — \/rg — 2rgrcos B + 7“2) drg} .

—r+ct
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Therefore,

A P p
u(z,y, 2,t) = 2 [/0 7“0\/7"8 —2rgrcos B+ r2drg — /0 ro|lro — r| dro

—r+ct —r+ct
+ / ro(ro+7)dro — / ro\/r(z] — 2rgr cos B + r2drg
0 0

p p
+/ roct drg — / o \/7‘(2) — 2rgrcos B + 12 dro}
—r4-ct

—r+ct

A P —r—+ct P
= 53n [—/ ro|ro — 7| dro + / ro(ro + 1) dro + / roct dro]

2
r 0 0 —r+ct

r P —r4-ct P
== [—/ ro(r —ro) dro — / ro(ro —r)drg + / ro(ro+7)drg + / roct dro]
2c*r 0 r 0 r4ct

A (1
= {6[—1"3 — 313 =203 + 3ct(p® — r?) + 3r(p* + c2t2)]}

]

= T2cr [—r? — 33 — 2p% + 3ct(p® — 1%) + 3r(p* + *t?)] .

This solution is valid for [p—ct| <7 < p+ct and r < p and r — ct < 0 and 72 < c?t? + p2. There’s
no need to consider the alternative case of 72 > c?t2 + p? because there are no points in
space-time that satisfy [p —ct| <7 < p+ctand r < p and r — ct < 0 and 72 > c*? + p?. Having
said that, the preceding condition of validity can be relaxed to |p — ct| < r < p+ct and r < p and
r —ct < 0. A rough sketch of it in the rt-plane is shown below.
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The Magenta Region - Position 1 of 4: r >pand r+c¢t >0

Several different intersections can occur in the magenta region. In this first part we will consider
a point in space-time (x,y, z,t) outside the cylinder » = p and above the cone r 4 ¢t = 0.

(JC, Y. zZ, f)

The purple area above is the intersection we have to integrate over. In xgygzo-space, this
represents a biconvex lens.

V0 =02 + (0 = 202 + (20 = 2)?

\]sz +y0% +20°

X0 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/x?+y?+ 22 and ro = \/23 + y5 + 25.
(o —2)* + (yo —y)* + (20 — 2)% = (@3 + & + 28) + (22 + y* + 2) — 2/ 22 + 42 + 22 /23 + 42 + 22 cosa

= 7"3 — 2779 cos o 4 12
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Now determine the bounding curves of the balls and the maximum polar angle 3.

Z0
A (xo =07 + (g =1 +(z9 2% = * 12
x()2 + y()2 +Z()2 2
Y0 Yo
Use the law of cosines to find S.
2 2 2.2
—c°t
A2 =r 4 p* —2mcosfp  — cosf= rhp et
2pr
The bounding curves are as follows.
x5+ + 2 = p° (w0 —2)” + (yo —9)* + (20 — 2)° = ¢
1“3 = p2 T(Q] — 2rrgcos a + r? = 22
ro=p ré — (2rcosa)rg + (r* — ) =0
2r cos a £ 1/4r2 cos? a — 4(r2 — c2t2)
ro =
2

ro =rcosa+ \/r2cos? o — (r2 — c2t2)

ro =rcosa — \/r2cos? o — (12 — c2t2)

The minus sign was chosen because we want the part of the bounding curve closest to O. As a
result of changing to spherical coordinates (rg, 6y, ¢o) with the polar axis oriented in the direction
of (z,y, z), the solution for u becomes

u(®,y, 2,t) = 47c? // V(o — )% + (yo — y)? + (20 — 2)?

QNT

A /5 /2“ /P rg sin ¢ dro dfy depo
4rc? 0 0 7‘coscvf\/r2 cos? a—(r2—c?t2) \/’I“g — 27r79 COs « +T2'

Orienting the polar axis as we have makes it so that o = ¢y.

( . A /5 /27r /ﬂ rg sin ¢ dro dfy deo
u\r,y, z, )
dmc? 0 Jo r cos d)o—\/r2 cos? ¢po—(r2—c2t?) \/?"8 — 2179 COoS g + 7r2
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Proceed to evaluate the integral in df.

A (/QF d90> //B /p T(2) sin (250 dT‘O d¢0
4mc? 0 0 Jrcos ¢0—\/r2 cos? po—(r2—c2t2) \/T’[Q) — 2179 COoS ¢g + r2

A /5 /P ré sin ¢o dro deo
2c2 0 Jrcos ¢0—\/7‘2 cos? po—(r2—c2t2) \/7“[2) — 2179 COoS ¢g + r2

Make the following change of variables.

u(z,y,z,t) =

Y0 = 1 cos o

d
dyo = —rsingoddy  — —% — sin o debo

Consequently,

( 0 A /Tcosﬁ/p 7“(2) drg ( d%)
u xaywza = 5 9 _—
2¢2 J, oA —(P2— ) \/1§ — 2070 + 12 r
r% dro do

=3 A
B 2¢2r rcos 3 'yof\/m \/7”(2)—27“()’}/04-7“2

_ A /r /p r% dro dyo @)
2¢2r p2+r§p—c2t2 Yo—\/ R —(r2—c212) VT2 = 2ro0 + 12

Suppose first that 2 > c?t? + p?. Then the current mode of integration in the yoro-plane is shown

on the left.

0 0

AN |
/ /

2 2 2 2
2,22 2 T Art—ct t”
rp=Yo—NVY +crr—r Yo= —————
21"0
0.0 - 0.0 ' o

P Hrt-atr r P+t g

2p 2p

Integrate over the domain as shown on the right in order to switch the order of integration.

( 0 A /p /r 7‘8 dryo drg
u\zr,y,z, = 5.9
2621 Jyyer 7%”;;%2 VT2 — 2ro0 + 12

Make the following substitution.

2 2 2
S0 /‘0 To 0] 7
dSO

dSO = —27‘0 d’}/o — —7 =T d’}/o
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Therefore,

p r0—2rr0+7' —dS(]
w(x,y, z,t dr
( ¥ % ) 2C r ’F+Ct (/62t2 2\/80 0

P / dso dr
267" r+ct TOrgZ\F 0

p
P 7o [\/c2t2 V(o — r)ﬂ dro
2c T Jrtet
A P
2c2r /T+ct ro (—et = [ro —r|) dro
A 14
ro[—ct — (r —ro)] dro
26 r r4-ct
A 1
= 2ar {6 [+ 318 4 20° + 3t (12 — p?) + 3r(c2 — p2)]}
A
= 12¢2r [Ts + 33 + 203 + SCt(r2 — p2) + 3T(02t2 _ p2)] '

This solution is valid for [p+ct| <7 <p—ctand r > p and r +ct > 0 and 72 > 3> + p?. A
rough sketch of the validity condition in the rt-plane is shown below.
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Return to equation (2).

uey oty = A [ ' 76 dro o @)
UL, Y, 2, ) 202 2402242 5 2 _ 2
e % Yo—/ 75— (r2—c?t?) \/TO 2rovo + 7

Suppose secondly that r? < ¢?t? + p?. Then the current mode of integration in the ygro-plane is
shown on the left.

ro 0

p Arxur >

2 5 25 r02+r2—c2 t2
70 =70 — | Yo© —(r° —c“t > V0=
0 =70 0” | ) 2_22 2rg
\\\ \L P /
— 1| —
r+ct e

rcos f§ r rcos B r

Integrate over the domain as shown on the right in order to switch the order of integration.

—c t2
2 dryo d 2dyod
(@, y, 2. 1) / / . g dryo dro / / g dryo dro
fet 2 Vg =270 + 12 r2=c22 [ cos 8 /T8 — 21070 + 72

Make the following substitution.

sp = r% — 27970 + r?

d
dS() = —27"() d’)/o — —% =70 d’)/o

Therefore,
r 2_ 2.2
A r—ct _pe ¢ rg—ZTTO—I—TZ —dSO o r%—2'rr0+r2 —dSO
u(z,y, z,t) = / 7o / drg +/ 70 / dro
2
2c%r r4ct c2t2 2\/ 7_:%2 r2—2ror cos B+r2 2\/ 50
i 7"2—c2t2

A / P
_2627‘ r+ct

o
ro (—ct — |ro —7“|)dr0—|—/2 b, 70 <\/1"8 — 2rgrcos B+ 12 — |rg —r|> dro
ré<—cet
p

12 2,2
A 3 P P
=— |- roct drg — rol|ro — 7| dro + ro\/r% — 2rgrcos B+ r2drg
2cer r+ct r+ct r2-c2t2

P

P2 0242
A p p
= —/ ’ roct drg — / ro(r —ro) dro + / ro\/rg — 2rgr cos B + 2 drg
2c2r +ct r+ct r2—c2
P
A _—30t(r2 —22)2 + (r + ct)3p? — 3rpt +2p° P 5
_ _ 2
= 57 62 + /;‘2—02t2 'ro\/ro 2rorcos B+ rdrg| .
L p
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Proof for the result of this final integral will be given at the end.

A [ =3ct(r? — )2 + (r + ct)3p? — 3rpt +2p°
u(r.y,50) = 5o .
cAr p
N (T2 4 p2 o 62t2)[4p27“2 o (T2 4 ,02 o 02t2)2] tanhfl 02t2 4 p2 o 7,2
8p3 2ctp
ctlp? — (12 = P12
4p?
_ 4 (12 + p2 — A2 [Ap%r? — (12 + p? — 212)7] N 22 4 p? — g2
202y 8p3 2ctp
n —3ct(r? — 2t?)? + 2p%(r + ct)? — 3p*(2r + ct) + 4p°
12p2
Therefore,
212 2 .2
_ 2 2 2,2\14 22 2 . 2 2,22 gt A p
u(z,y,z,t) = W{i’)(r + p= — %) [4p°rT — (r° + p° — ¢*t%)*| tanh Sl

+2p [=3ct(r? — *t*)? + 20 (r + ct)® — 301 (2r + ct) + 4p° }

This solution is valid for [p+ct| <r <p—ctandr > pand r +ct > 0 and r? < 22 + p?. A
rough sketch of the validity condition in the rt-plane is shown below.
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The Magenta Region - Position 2 of 4: r > pand r+ ¢t <0

Several different intersections can occur in the magenta region. In this second part we will
consider a point in space-time (z,y, z,t) outside the cylinder » = p and below the cone r 4 ¢t = 0.

(X, Y. Z, f)

The purple area above is the intersection we have to integrate over. In xgygzg-space, this

represents a biconvex lens.
ZAO/\
‘(Y — '-2 N — :2
/xz+y2+22 \/(Ao X7+ (yo —¥)7 +(202)

0 Vxo? + 307 + 20 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/x?+y%+ 22 and ro = /23 + y3 + 23.
(20— 2)° + (g0 — 4)2 + (30 — 2)% = (2B + 4B + ) + (22 + 97 + 22) — 2/ T g2 7 223 + 17 + g cosa

= r% — 2779 cos o 4 12
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Now determine the bounding curves and the angle 8 at which one curve changes to the other.

2z (xp — x)2 + (o — }’)2 +(zg - Z)2 = 62 t2
x0° +30° +20° = p7 /
('x5 .}’5 Z)
xO -yO
Use the law of cosines again to find 3.
2 .2 242
—ct
AP =pP + 12 —2prcosf —  cosf = prr et
2pr
The bounding curves are
Ty Y+ =0 (r0 — )2 + (Yo — )% + (20 — 2)> = 24
rg = p? 7“3 — 2rrgcosa + 1% = 2t?
rTo=p ré — (2rcosa)rg — (*t* —r%) =0
2r cos a £ \/4r2 cos? a + 4(c2t2 — r2)

ro = D)

ro = reosa + \/r2cosa + (c22 — r2)

ro = rcosa + /12 cos? a + (212 — r2).

The positive sign is chosen because rg, the distance to (xg, yo, 20), must be positive. As a result of
changing to spherical coordinates (rg, 6y, ¢9) with the polar axis oriented in the direction of
(z,y, 2), the solution for u becomes

u(z,y, z,t) = A // Vo
S ane ) o =02+ o= 9P + (o 2P
A /5 /2” P rgsin ¢ dro dfo deo
dme? | Jo Jo Jo /12 —2rrgcosa + 1?2

+ /7T /27r /T oot 72 sin ¢g dro dfo doo
B 0 0

V12 —2rrgcosa + 12
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Orienting the polar axis in the direction of (z,y, z) makes it so that a = ¢y.

/ﬁ /27T /p T% sin ¢0 drg dby d(b()
o Jo Jo /12 —2rrgcos g+ 12
+ /ﬂ /27T /r cos go+/r? cos? go-+(c>? —r?) ré sin ¢g dro dfy dgy
s Jo Jo /12 — 2rrq cos gy + 2

A
u(x,y,2,t) = T2

Evaluate the integral in df.

u(z:,y,z,t) = A [(/27rd90) /B/p T(%Sin¢0dr0d¢0
we |\l )b by VE—2micoson+
2 ™ prcos goty/12 cos? go+(c2t2—12) ré sin ¢o dro dgy
+</O d90>/ﬂ /0 \/Tg—erocosqﬁo—|—7~2
Bore rsinggdrgde
/0 /0 \/7”(2) — 2r7( cos ¢g + 12

+ /7r /T ot oA 73 sin ¢g drg deo
3 Jo \/'rg — 2r7ro Cos Py + 12

B A
C2¢2

Make the following substitution in both integrals.
Y0 = rcos gy
d
dyo = —rsingodog — 90 gin o doo
r

Consequently,

A
U(Z‘,y, Zat) = 2702

[ i ()
r 0 \/?”(2) — 2rov0 + 72 r
+ -r ’YO+ ’Yg+(62t2 _TQ) r% d/,"O _@
. \/ 2 _9 2 r
rcosf3J0 L) 070 +7r
/T /p rg dro dyo
rcosfJ0 \/7“8—2T0’Yo+7"2

0 \/'rg — 2ro7y + 12

A
2¢2r

+

-

The order of integration in both integrals will now be switched.
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Suppose that 72 < ¢?t? + p?. Then the current mode of integration in the second integral is shown

on the left.

o ro
o =y0+4 vo® +(F 7 =) Yo = ro? 47 —c* 2

2ro

>

-r—ct

Y0
—-r rcos B -r rcos B

Integrate over the domain as shown on the right to switch the order of the second integral.

/ / 75 dro dro /_T ot /" cosh yZdygdry
reosg \/T5 — 27070 + 12 Vg = 2rgy0 + 12

/ /r cos B 2 d'YO d?“o
—r—ct 2+T e \/7“0 — 2r970 + r2

u(z,y, z,t) =

262

Make the following substitution in all three integrals.

2 2
So =715 — 2r0% + 7T

d
dSo = —27’0 d’}/o — —% =T d’}/o

Consequently,

A P 7%727“7“04*7'2 —dSO
t) = —— d
u(a;,y,Z, ) 2¢2r !/0 "o (/rg2rrocosﬁ+r2 2\/% "0
et r3—2r70 Cos 412 —dsg
+/ 7o / dro
0 r3+21“7’0+7“2 2\/%
p r372rr0 cos B+r2 —dSo
+/ 70 / dro
—r—ct c2t? 2\/%
A / "o (/3 = 2rrocos B+ 2 — o — 1] ) d
-~ r 75 — 2170 COS e —|ro — 71| ] an
2¢2r | Jo 0 0 ’ ’ ’
—r—ct
+/ o <r0+T—\/T(2)—27”T0COSf3+T2> dro
0
P
+/ 7o <—ct - \/7"8 —2rrocos B+ T2> dTO} :

—r—ct
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Therefore,

A P P —r—ct
eyt = 50, [/0 TO\/T% — 2rrgcos f 412 dro — /0 rolro — 7| dro +/0 ro(ro + ) dro

—r—ct p
— / ro\/rg — 2rrgcos B+ r2drg — / roct dro
0

—r—ct

p
- / ro \/7’(2] — 2rrgcos B + r? dro}
—r—ct

A p —r—ct P
= — [—/ ro|lro — r|dro + / ro(ro+7)drg — / roct dro]
2¢c4r 0 0

¢ —r—ct
A P —r—ct P
= = [_/ ro(r — 1) dro + / ro(ro + ) drg — / roct dro]
2c4r 0 0 o
A [1.3 33 3 2 2 2,2 2
= 53 é[r + 7 + 20 + 3ct(r® — p?) + 3r(c*t? — p°)]
A
=153 (7% + 33 + 20 + 3t (r? — p?) + 3r(? — p?)].
c?r

This solution is valid for [p+ct| <r < p—ct and 7 > p and r + ct < 0 and 7? < ¢*t? + p?. There’s
no need to consider the alternative case of 2 > ct? + p? because there are no points in
space-time that satisfy [p+ct| <7 < p—ct and r > p and r + ¢t < 0 and 7?2 > c?t? 4 p?. Having
said that, the preceding condition of validity can be relaxed to |p+ ct| < r < p—ct and r > p and
r+ ct < 0. A rough sketch of it in the rt¢-plane is shown below.
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The Magenta Region - Position 3 of 4: r <pand r+c¢t >0

Several different intersections can occur in the magenta region. In this third part we will consider
a point in space-time (z,y, z,t) inside the cylinder » = p and above the cone r + ¢t = 0.

(x5 .},5 Z) f)

The purple area above is the intersection we have to integrate over. In xgygzo-space, this
represents a biconvex lens.

X \/xoz + y02 +Z()2 Yo

Use the law of cosines to relate the sides of the triangle above with «. Substitute

r=+/z?+y?>+ 2% and ro = /23 + y3 + 23.
(o— )+ (Yo —y)> + (20— 2)> = (2§ + ¥ + 25) + (@ + y* +2%) —2/a2 + 92 + 22\ /a2 + Y2 + 22 cos
0 0 0

= 12 — 2rrgcos a 4 12
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Now determine the bounding curves and the angles, # (the angle at which one curve changes to
another) and v (the maximum polar angle).

20

‘ 22

2 2 2
x02+y02+202:p (xg —x)"+(vo—»)" +(zg—2)" =c"t

X0

Use the law of cosines in the upper triangle to find 5.

2+ p? — 22
2pr

2t2

A2 =r 4 p?—2mrcosp  — cosf =

According to the Pythagorean theorem, the length of the missing side of the lower triangle is
rcosy = vVr2 — c2t2. The bounding curves are

TG+ Y5+ 2 =P (w0 — )2 + (yo — y)* + (20 — 2)% = 2
7’(2) = p2 7“3 — 2rrgcos a + 1% = 2t?
ro = p ré — (2rcosa)rg + (r? — %) =
ro — 2r cos a £ \/4r2 cos? a — 4(r2 — c2t2)
2

ro = rcosa 4 \/r2cos? a — (r2 — c2t2).

As a result of changing to spherical coordinates (r, 6y, ¢9) with the polar axis oriented in the
direction of (z,y, z), the solution for u becomes

u(z,y, z,t) = A // Vo
ST N e e T e R

2 cos2 a— (12 —c22 .
/*'y /27r /r cosoz-l-\/r cos? a—(r2—c?t?) 7’(2) sin ¢g drg dfy deo
0 JO T

cos a—1/12 cos? a—(r2—c212) \/7“8 — 277 cos a + 12

- /ﬁ /«27r /r cos oz—i—\/r? cos? a—(r2—c?t2) 7-8 sin ¢O drg dby d(f)o
0 Jo 14

\/r% — 2r1g cos o + 12

A
Amc?

What we'’re essentially doing is integrating over the whole ball of radius —ct and then subtracting
the volume integral over the part that lies outside the ball of radius p.
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Orienting the polar axis as we have makes it so that a = ¢yg.

/ K / ) / reos go-+y/r? cos? go—(r? —*1?) 7§ sin ¢ dro dfy de
T

u(x,y, z,t) =
Y cos ¢o—\/r2 cos? ¢po—(r2—c2t?) \/7'8 — 2rrg cos ¢g + 72

4d7c?

B2 preosgoty/r?cos? go—(r2—ct2) 72 sin ¢g dro dfo depy
_/ / / \/7'(2)—27“7"0005¢0+r2

Proceed to evaluate the integral in df.
u(z,y, 2, t) = = (/2” d90> /V /T e e rg sin ¢o dro deo
’ dmc? 0 0 Jrcos gzﬁof\/rQ cos? ¢g—(r2—c2t?) \/7“(2) — 2179 COs ¢g + r2

- 2 cos? by — (12 o222 .
0 0o Jp \/rg — 2rrg cos ¢g + 12

/V /T et 78 sin ¢g dro deo
0 T

cos ¢0—\/r2 cos? ¢pg—(r2—c2t?) \/T(Q) — 2rrg cos d)O + 72

B A
C2¢2

_ /B /T cos Goy/r% cos? go —(r2—c??) 73 sin ¢g dro dey
0 \/7"8 — 2rro Ccos ¢y + 12

p

Make the following substitution in both integrals.

Yo = 7 €S do

d
dyo = —rsindodgy  — —% — sin o debo

Consequently,

( ) A T COS Y ’YO‘FW 7,% d?“() d,yO
T,Y,2,1) = —5 / / <_>
2 |y 0~V 1T =20+ 2\ T

Vg = 2rov0 + 12 r

_ i /7‘ /’Yo-i— 12— (r2—c2t2) r% dro do
2¢2r rcosy Jy— ’7(2]—(7‘2—(:2752) \/7"8_27"0’}/04-7"2
oo TR T 177
/ /70+\/m 12 dro do
= V=R o ) /7~ 2r000 + 12

_(r2_p2 2
_ / /WH_ ’YO (rf—e%t 7”0 d’r’o d"yo
7r2+/ﬂ§;c2f2 P \/7“8 — 2rg7yo + 12
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Now we will switch the order of integration in both integrals. The current mode of integration in
the ~gro-plane for the first one is shown on the left.

ro o

rect /\/ el /

N T 2 ( 2 2 f2)
ro = —(r~=c
/ 0=70 Yo 1ol 412 =t i

1o =y0 =70 - (= %)

r2 - 6‘2 [2 / ,42 _ CZ t2 k
r+ct r+ct —
Y0 Y0
r »

r2 - (:2 t2 rz - (32 12

Integrate over the domain as shown on the right to switch the order. Suppose that 2 < c¢?t? + p?.
Then the current mode of integration in the ~yro-plane of the second integral is shown below on
the left.

ro 0

rg =7yo+ 702 - (’42 - (:2 IZ) roz + r2 - cz 12

Yy=—"
r—ct r—ct 2rg /

p -

2

YVYY 1N\

r2+p —62t2 F‘2+p2—czt2
2p r 2p »

Yo Y0

Integrate over the domain as shown on the right to switch the order.

ul 0 r—ct / T(Q) dryo drg / r—ct / rg dryo drg
u(z,y, 2,
202 et 2= fr2 = 2rgo + 12 2= fr2 = 2rgo + 12
A / / 7”0 do / /’” 7°0 dvo
= d’]"o =+ dTO
T2 |y ( 7”%“ N S T r—ct 7%”;:2’52 Vg — 2ron0 + 12

/ / 5 do dro
~ 2 Lot 2” *62t2 \/rg — 2rg7y + 12

Make the following substitution.
so = 7“(2) — 2r970 + r?

d
dSO = —27‘0 d’}/o — —% =T d’}/o
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Therefore,

A P r%—2'r0r+r2 —ds
U(Jﬂay,?«’,t) = 5 9. To / 0 dT’o
2621 Joiur 0242 2./50

p
= A 70 <\/02t2 —/(ro — r)2> dro
+ct

2
2cer |/,

A [P
= / ro (—ct —|ro —r|) dro

2c?r +ct
A r p
= 92y {/Hct ro[—ct — (r — 7o) dro +/T ro[—ct — (ro — )] dro}

A (1
= 5z {6[—r3 + 33— 2p3 — 3et(p? — r?) + 3r(p* + CQtQ)]}

= 12/01% [—r3 4+ 7 — 2p% = 3ct(p® — r?) + 3r(p* + )] .
This solution is valid for [p+ct| <7 < p—ct and r < p and r +ct > 0 and 72 < c*t? + p2. There’s
no need to consider the alternative case of r2 > c?t2 + p? because there are no points in
space-time that satisfy [p — ct| <7 < p+ct and r < p and r — ct > 0 and 72 > c*t? + p?. Having
said that, the preceding condition of validity can be relaxed to |p+ ct| <r < p—ct and r < p and
r 4+ ct > 0. A rough sketch of it in the rt-plane is shown below.
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The Magenta Region - Position 4 of 4: r <pand r+ct <0

Several different intersections can occur in the magenta region. In this fourth part we will
consider a point in space-time (z,y, z,t) inside the cylinder » = p and below the cone r 4 ¢t = 0.

(.X', Y, Z, t)

The purple area above is the intersection we have to integrate over. In xgygzg-space, this
represents a biconvex lens.

2

\/(xo - xJ2 +(yo - y)2 +(z0 —2)

X0 Yo

Use the law of cosines to relate the sides of the triangle above with . Substitute

r=+/x?+y%+ 22 and ro = /23 + y3 + 23.

(o — )2 + (Yo —y)? + (20 — 2)? = (@ + v3 +28) + (2% +y* + 2%) — 2V/a2 + 42 + 22\ /2 + y3 + 22 cos

= r% — 2rrgcosa + 12

www.stemjock.com



Strauss PDEs 2e: Section 9.3 - Exercise 7 Page 50 of 69

Now determine the bounding curves and the angle 8 at which one curve changes to another.

Z|

2 2 2_ 22
(xg =X)" +(¥g =)~ +(z0 —2)" =c" ¢

x0% + 0% + 20

xO .},O
Use the law of cosines to find .

2 2 2.2
T —c°t
AP =124+ p? —2prcosf  — cosf= L

2pr
The bounding curves are
x5+ s + 20 = o (o — )% + (o — y)* + (20 — 2)* = *¢?
g =p° ré — 2rrgcosa + r? = c*t?
ro = p ré — (2rcosa)rg — (*t* —r?) =0
_ 2rcosa =+ \/4r?cos? a + 4(c*t? — 1r?)

To = 9

ro = rcosa £ \/r2cos? o + (22 — r2)

ro = rcosa + \/r2cos? a + (22 — r2)

The positive sign was chosen because rg, the distance to (xg, yo, 20), must be positive. As a result
of changing to spherical coordinates (rg, 0y, ¢o) with the polar axis oriented in the direction of
(z,y, 2), the solution for u becomes

ul@,y,2,1) = -5 // V(o — )% + (yo — y)? + (20 — 2)?

QNT

/ﬁ /2” P rZsin ¢ dro dfy doy
0 0

0 \/7“8 — 2rrgcos o + 1?2

B A
 dre?

+ /7r /27r /r et 73 sin ¢g dro do dey
g Jo Jo

\/7"(2) — 2rrg cos o + 12
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Orienting the polar axis as we have makes it so that a = ¢yg.

A B2 1P r2singg drodfy deo
u(m,y,z,t):?c2 A

0 \/T‘% — 2rrg cos ¢g + r?

+ /7T /27r /T o et A 73 sin ¢g dro dfo depo
g Jo Jo /12 — 2rrg cos ¢g + 12

Proceed to evaluate the integral in dfy.

A o Bore rdsingodrod

w(z,y,2,t) = —5 (/ d90> / / g n ¢o dro do

dme 0 o Jo /12 —2rrgcos g + 12

2m T [rcos ¢>0+\/r2 cos? ¢po+(c2t2—r2) 2 o

N </ d90) / / g sin ¢g dro dgg
0 s Jo /18 — 2rrg cos ¢o + 12
/ﬁ /P 72 sin ¢ dro dey
o Jo /12 —2rrgcos g + 2

+ /7r /T oo 72 sin ¢g dro dey
s Jo \/rg — 2r7rg oS Py + 12

_ A
202

Make the following substitution in both integrals.

Yo = 7cos g

dvo = —rsindoddy  —  —2 = sin go deo
T

Consequently,

A
u(‘,r?yazat) = @

reosf o rp r% dro do
/r /0 NG <_T>
—r Yo+r/VE+(c2t2—r2) 1"8 dro o
+/Tcos,5/0 Ve = 2rgv0 + 12 <_T>]

/T /” r(2) dro dvyo n rcos f /VOJr Vo+(c*t2—r2) 7"(2) drg dyo
rcos3J0 \/T%_QTQ’}/O+T2 —r 0 \/7”(2)_27"0'}/04‘7‘2

B A
22
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Suppose that 72 < ¢*t?

below on the left.

+ p?. Then the current mode of integration in the second integral is shown

22

ro =vyo + 702+(C 1 —"2) Y0 =

0

1‘02 +

2 2R

2rg

—r—cft

rcos

Yo

-r rcos

Integrate over the domain as shown on the right to switch the order of integration.

w(z, g, 2, 1) / / 7“8 dryo dro
262 7 cos 3 \/7“0—27“0’}/0"1‘7“2

/—7" ct /7’ cos 8 r% d,m d?"()
Ve = 2roy0 + 12

/ / cosp r3 dryo dro
—r—ct TO-H 2ot \/T‘O — 21970 + 12

Make the following substitution in all three integrals.

Consequently,
A
t) =
u(@,y,2,t) = 55
A
- 2¢2r

www.stemjock.com

2 2
So =1y — 2ro7Y0 + T

dSo = —2’/“0 d’)/o —

dSO
—_—— = d
9 To @70

r2—2ror4r?
/pro /0 0 Ll dro
0 7‘8—27"07"0055—4-7"2 2\/ S0

—r— 2_ 2
N / r—ct /ro 2rgr cos B+r —dSo p
To To
0 r2+2ror-+r? 2\/ S0

p TS—QTQT cos B+1r? —dSO
+ / 70 / dro
—r—ct c2t2? 2 V80

o
[/ 0 (\/7“(2] — 2rgrcos B+ 12 — |rg — 7“|> dro
0

—r—ct
+ / 0 (7‘0 —+7r
0

— \/rg — 2rgrcos 3 + 7‘2> drg

)

p
+/ 0 (—ct - \/rg — 2rorcos 3 + 1“2) dro} .
—r—ct

Y0
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Therefore,

A P p
u(z,y, 2,t) = 2 [/0 7“0\/7"8 —2rgrcos B+ r2drg — /0 ro|lro — r| dro

—r—ct —r—ct
+ / ro(ro+7)dro — / ro\/r(z] — 2rgr cos B + r2drg
0 0

P P
— / roct drg — / o \/7‘(2) — 2rgrcos B + 12 dro}
—r—ct

—r—ct

A P —r—ct P
= {—/ ro|ro — 7| dro + / ro(ro + r)dro — / roct d’ro]
2c4r 0 0

—r—ct

r p —r—ct p
=53 [—/ ro(r —ro) dro — / ro(ro — r)dro + / ro(ro+7)drg — / roct dro]
0 r 0 —r—ct

1
= 52 {6[—1"3 + 33— 2p3 — 3ct(p? — r?) + 3r(p* + c2t2)]}

B A
C12¢2r

]

[\
<

B

[\
<

[ + 33 — 2p% — 3ct(p® — %) + 3r(p* + *t?)] .

This solution is valid for [p+ct| <7 < p—ctand r < p and r +ct < 0 and 72 < ct? + p2. There’s
no need to consider the alternative case of r2 > c?t2 + p? because there are no points in
space-time that satisfy [p+ct| <7 <p—ctand r < p and r + ct < 0 and 72 > c*? + p?. Having
said that, the preceding condition of validity can be relaxed to |p+ ct| <r < p—ct and r < p and
r 4+ ct < 0. A rough sketch of it in the rt-plane is shown below.
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The results obtained so far are summarized here in the same order.

u(x,y, z,t) =

\ 12¢27 [_TS + 03753 - 2p3 — 3Ct(p2 — TQ) + 37”(p2 + c2t2)]

0
1
—At?
2
1
—At?
2
A
623 =)
Ap?
3c2r
A
523" )
Ap?
3c?r
A
Tz 70— 297 = Bet(r? — p?) + 3r(c*t* — p?)]
c°r
A 2 2 2,2vi4 2.2 2, 2 2,2\2 At p -
W{W + p* = ) [4p*r? — (r* + p® — *t%)*] tanh e,
+2p [3et(r? — P2)° + 20°(r — o)’ = 3p* (2 — ct) + 4p°] }
A
oo 1=+ 2p% =3t (r? — p?) + 3r(c*t — p?)]
c°r
A
192 [—r3 — 33— 2p3 + 3ct(p2 _ r2) + 31"(,02 + 02t2)]
c°r
A
o [0 = @ = 20" 3ct(p? —1%) 430 (0" + )]
c°r
A
oz 10t +2p% + 3et(r? — p?) + (et — p?)]
c°r
A 2 2 2,2vig 2.2 2, 2 2,2\2 At p
48p3627a{3(r + p° — c“t7)[4pTr* — (r° + p° — ¢“t”)"] tanh Ttp
+2p [=3ct(r? = %) + 207 (r + ct)’ — 3p"(2r + ct) + 4p”] }
5o [+ 3+ 20 + 3et (12 — p?) + 3r(cH2 — p?)]
c°r
A
122 [—r® + 1% = 2p° = Bet(p® — r?) + 3r(p? + 7))
c°r
A

if r > p+clt|
ifr+ct<p

ifr—ct<p
ifet >r+pandr <p
ifct >r+pandr >p
if —ct>r+pandr<p
if —ct>r+pandr>p
if[p—ct|]<r<p+ctandr >pandr—ct>0
and 72 > %2 + p?
iflp—ct|]<r<p+ctandr>p
and r — ct > 0 and r? < ¢?t? + p?
ifjp—ct|<r<p+ctandr >pandr—ct <0
iflp—ct|<r<p+ctandr <pandr—ct>0
ifjp—ctl<r<p+ctandr <pandr—ct <0

ifjp+ct|]<r<p—ctandr>pandr+ct>0
and 72 > c2t? 4 p?
ifjp+ctl|]<r<p—ctandr>p
and r + ct > 0 and 72 < 22 + p?
if[p+ct|<r<p—ctandr >pandr+ct <0
iflp+ct|]<r<p—ctandr <pandr-+ct>0

iflp+ct|<r<p—ctandr <pandr-+ct<0
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Notice that several of these solutions are identical. Combine their conditions of validity by using absolute value signs where necessary.

w(@,y, z,t) =

0

1
Z A¢?
5 t
A

62 (3p°
Ap?
3c2r

_ T2)

A
—— [r® = 3+ 20 — Bct(r? — p?) + 3r(Pt? — p?)]

12¢2r

A
12¢2r [

12¢2r

12¢2r [_

48p3c2r

A
48p3c2r

—r3 — 33— 2p° + 30t(p2 — 7"2) + 3r(p2 + C2t2)]

[r? + 32+ 2p° + 3ct(r? — p?) + 3r(*t? — p?)]

r® + 33— 20° — 3t (p® — %) + 3r(p® + Pt?)]
{3(7“2 + p? = At [ap*r? — (r? + p* — %)% tanh ™ Sl
+2p [3ct(r® — %)% + 2p%(r — ct)® — 3p*(2r — ct) + 4p°] }

312 4 02 — 22V 4022 — (P2 + 02 — 2422 tanh-
{<r+p ) 4p%? — (12 + * — ) tan -

+2p [—3615(7“2 — A2+ 20°(r + ct) — 3p (2r + ct) + 4p5] }

L2 4 p? =2

L 4 p? =2

if r > p+clt|
ifr+clt|<p
ifclt| >r+pandr <p
ifclt| >r+pandr >p

if[p—ct|<r<p+ctandr >pandr—ct <0
or (r —ct > 0 and r? > ¢2? + p?)]

ifjp—ct|<r<p+ctandr <p

ifjp+ct|]<r<p—ctandr>pand[r+ct <0
or (r+ct > 0andr? > c? + p?)]
if[p+ct|<r<p—ctandr <p

ifjp—ct|<r<p+ctandr>p
and r — ct > 0 and r2 < 22 + p?

ifjp+ctl|]<r<p—ctandr>p

and r + ct > 0 and 72 < 22 + p?
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Fuse more of the solutions.

0

u(z,y,z,t) = T, (1% — E[t* + 2p* — 3c|t|(r* — p*) + 3r(c*t? — p?)]
A
12¢%r

(=3 — Et* — 20 + 3c[t|(p® — 1) + 3r(p® + %))

2 2 242 2.2 2 2 2,2\2 —
48[)3027‘{3(T -|—p —Ct)[4p7" —('l" +p —ct)]tanh QCtp

+2p [30\15\(7’2 — A2 4+ 20%(r — cJt])® = 3pt(2r — c|t]|) + 4p5] }

L2 p? g

if r > p+clt|
ifr4clt| <p
ifelt| >r+pandr <p
ifcft| >r+pandr>p

if |p—c|t|]] <r < p+c|t| and r > p and
[r—clt| < 0or (r—clt| > 0and r? > 2 + p?)]

if [p—clt|]] <r<p+c|tfandr < p
ifjp—clt]| <r<p+cltfandr >p

and r — c|t| > 0 and r? < 12 + p?

Now we will check to see if the solutions are continuous across the boundaries. If we plug in r = p + ¢|t| into the fifth entry, then we get
0, the first entry. Substituting r = c|t| — p into the fifth entry yields the fourth solution. Plugging in r = p into the third and fourth
entries results in the same solution as well. Plugging in r = p — c|t| into the sixth entry gives (1/2)At?, the second solution. In addition,
plugging in 7 = ¢|t| — p into the sixth entry yields the third solution. Substituting r = c¢|t| — p into the fifth entry results in the fourth

2t2

entry. Substituting r? = c?t? 4+ p? in the last entry results in the fifth solution.
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In conclusion,

u(z,y, z,t) =

A
12¢2r
A
48p3(32 r

\

where r = /22 + y? + 22.

{3(7'2 + p? = A dp*r? — (r? + p? — %) tanh ™

(1% = E[t* + 2p* = 3c|t|(r* — p®) + 3r(c*t* — p?)]

[—r3 — A3t =203 + 3clt|(p? — %) + 3r(p? + CQtQ)]

2ctp
+2p [3cft|(r? — )% + 20°(r — clt])* — 3p"(2r — clt]) + 4p°] }

1 2t? + p2 —r?

if 7 > p +clt|

ifcft| >r+pandr <p
ifclt| >r+pandr>p

if [p—clt|]] <r < p+c|t] and r > p and
[r—c|t| < 0or (r—clt| > 0and r? > 32 + p?))

if[p—clt]] <r<p+c|tfandr < p
if |p—c|t|]] <r <p+c|tfandr > p

and r — c[t| > 0 and r? < %2 + p?
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The solutions are newly labelled in each part of space-time by color. The origin of the
Toyozoto-coordinate system is at the center of the red hyperdisk, which has radius p.

Note that the bounding surface of the cyan region here is a hyperboloid of one sheet; it is
asymptotic to the cone :c(% + yg + zg = CQt%. In addition, the vertices of the golden cones are
(0,0,0,+p/c). The royal blue regions begin at t = +2p/c. A sixteen-frame movie will now be
produced for the special case of c =1, p =1, and A = 1 to illustrate the behavior of the solution.
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u
1.0 £=0

0.8+
0.6

04+t

10 5 0 5 10

u
1.0

t=0.3
0.8}

0.6

0.4+

10 5 0 5 10
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u
1.0
t=0.6
0.8+
0.6
0.4+
0.2
- - - I
10 5 0 5 10
u
1.0
t=0.9
0.8+
0.6
- - I
10 5 5 10
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u
1.0
t=1
0.8}
0.6
10 5 10 X
u
1.0
t=15
0.8}
0.6
10 5 10 X
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u
1.0
t=2
0.8}
0.6
10 5 5 10 X
u
1.0
t=25
0.8}
0.6
10 5 5 10 X
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u
1.0
t=3
0.8}
0.6
10 5 5 10 x|
u
1.0
t=3.5
0.8}
0.6
10 5 5 10 <
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1.0
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061

u

t=4.5
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0.8+
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U
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u
1.0
r=38
0.8}
0.6
10 5 10 X
u
1.0
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0.8}
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5 10 X
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i
1.0

t =100

0.8+

0.6

10 5 0 5 10

U
1.0y £ = 1000
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0.6 ¢

0.4

0.2
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The Final Integral

Here we will evaluate the last integral that came as a result of assuming r? < ¢*t? + p? in the first
part of the cyan and magenta regions. Start by completing the square under the square root.

p
I_/ ro\/rg—QrorcosB+r2dro

2242
P

o
= / ro\/r% — 2rgrcos B+ r2cos? B+ r2 — r2cos? Bdrg
T

2242

P
:/ 7“0\/(7“0 —rcos )2 + r2sin? B dry

Make a trigonometric substitution to simplify the integrand.

ro — rcos 8 = rsin 8 tan i —  (ro —rcos B)Q + 72 sin? B = r? sin? B sec? g
ro =rcosf +rsinfBtantg — ro=rcosB(1l+ tan S tan )
dro = rsin A sec? ¥ diby
Recall that 2y
cos 3 = Z—pr

This implies the following right triangle.

2pr
\/4;32 2 (24t 12)2
B
2?22
As a result,
2, .2 2,2
tand ro — rcosf ro — +p2p et 2pr0 + At? — p2 —7r?
anygy = = = )
0 rsin 8 \/4p27‘2—(7’2+p2—c2t2)2 \/4,027°2 _ (7‘2 4 ,02 _ czt2)2
2p
242 2 2
_ B ctr+p —r
Ifro=p then tan g = Ny T e BTN
2 242 242 2 2
74 —c“ ct 4+ pt—r
Ifro= ——— then tanyy = — .
p \/4p27°2 — ("2 + p2 = 22)?

The integral becomes

P
I :/ rcos B(1 —I—tanﬁtanwo)\/r2 sin? B sec2 1o (r sin B sec? ¥y di),
-
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where 9 is an angle defined as
22 4 2 — 2
V422 — (r2 4 p2 — A2t2)2

Y =tan !

Simplify the integrand, bring the constants in front, and use a table of integrals to find the

antiderivative.

(4
I:/ 7 cos B(1 4 tan B tan g ) (7 sin f sec 1o ) (1 sin B sec? v diby)
-9

()
= / 3 sin? B cos B(1 + tan B tan 1) sec> 1o dibo
-9

()
= r3sin? B cos B / (1 + tan B tan 1) sec® ¥ dibg
-9

3 2 Yo 4
77 81n“ O Ccos COS + sin
= Beosp 31ln 12 zl? + 2tan B sec> ¥ + 3 sec ¢ tan ¢
6 cos 5 — sin %
-
r3sin2500s5[ | cos§—|—sin% 3l CoS 5~ Y 4 sin 2w
= n —3In
6 cos% —sin% cos#—sm%w

+ 2tan Bsec® ¢ — 2tan B[sec(—1)]> + 3sec 1 tan ) — 3sec(—1h) tan(—z/;)]

3 sin? B cos 3 cos¢ +S1n% cos% —sin%
= 31n - 3ln———=
6 cos% — sm% COS d’ + s1n1§
+2tanﬂsec3¢—2tanﬁsec3d)+3secd}tand}—|—3secd}tan¢>
2 COS 3 —}—sm¢ cos £ —sm¢
= r’sin ﬁcosﬁ 31n ?p —3In 3} +68ec¢tanw
cosf — sin o) coSs —l—sm

73 sin? [3’003,8 blng} cot w +1
= 31n —

cos & 1—tanw
Slnw cotw 1

2
+ 6sect tan )
cosg l—i—tanw) ]

¢

3ln —3ln——=
cot 1+tan¢

p—

2 cothrl 1— tan
= rsin 6008/8 < + 6sect tan

3

¢> -l-GSecz,btam/J]

cot? —1 1—tan

r sm2[5’cos,8 [ ! <00t¢+1 1 + tan 5
n

2 cot¢+tan¢+2
= risin 6008/8 31n w + 6sect tan
cot +tanf—2
Note that
1
cot%—i—tan%: ! +tan%:1+tan2%:S6C2%:COSQ%: 1 = L = 2 .
2 2 tan% 2 tan% tan% Sin% sin%cos% %Sinw sin ¢
COSE
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Continue the simplification of I.

I =

3.2 242
7“Smﬁcosﬁ<31nw;ﬁ+6secwtanw>
6 sinzp—2

r3sin? B cos 3 1+ sin
=———(3lIn——
6 1—s

in
3 2

= r3sin? B cos B(tanh ! sin ¢ 4 sec 1 tan 1))

+ 6secy tan @b)

The definition of ¢ implies the following right triangle.

‘ 2ctp |
22422
¥
\/4p2 2 _(rz rp2 -2 12)2

From this triangle we have these three relationships.

242 2 _ .2 242 4 2 .2

t — 2ct t —
sin@b:u secy = [2¢tp) tany = S

2ctp VAP — (r2 4 p? — 2t2)2 VAp2rE — (12 4 p? — 2t2)?

From the previous one we have these two relationships.

VApPr? — (12 + p? — 2t2)?

r2 4 p? — 22

cos B = Spr sin g = Spr
Therefore,
[ 4p2r2 — (12 + p? — 2227 (12 + p? — 212

4p2r? 2pr

O P At? 4 p? —r? N |2¢tp| A2 4+ p? —r?
2ctp VAaprrE — (12 + p2 — c212)?2 VApET = (12 p = 22)2

2 2 212 2,2 2 2 212\2
— 212)[4p*r? — —
_ (P 4p—c )[p;“3 (r"4p”—c )][mnhlc
p

22 4 p? — 2 2cplt|(ct? + p? —r?)
2ctp 4p2r2 — (r2 + p? — 2t2)?
(12 4 p2 — ) [4p%r? — (12 4 p? — 2H2)7] T R 4?2 [t — (2 — %)
= al .
8p3 2ctp 4p?
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